Abstract. In this article, we study the rational cohomology rings of Voisin's punctual Hilbert schemes X
Introduction
The punctual Hilbert schemes of a smooth quasi-projective surface have been intensively studied in the past twenty years, starting with the works of Göttsche, Nakajima, Grojnowski, Lehn and others (see e.g. [Gö 1]). These Hilbert schemes present a strong geometric interest because, among many other properties, they are smooth crepant resolutions of the symmetric products of the surfaces. If X is a K3 surface, X [n] are hyperkähler varieties by a result of Beauville [Be] and Ruan's conjecture predicts that for all positive integer n, H * X [n] , C is isomorphic as a ring to the orbifold cohomology ring of S n X defined by Chen and Ruan [Ch-Ru] , [Ad- Le-Ru] . This is obtained by putting together results of Lehn-Sorger on the Hilbert scheme side with the computations done in [Fa-Gö] and [Ur] on the orbifold side.
The isomorphisms between H * X [n] , C and H * CR S n X, C made it clear that the cohomology rings of punctual Hilbert schemes of a K3 surface depend only on the deformation class of the complex structure on X in the space of almost-complex ones, since Chen-Ruan cohomology is a purely almost-complex theory. This is more generally the case for arbitrary projective surfaces: the description of the cohomology ring of Hilbert schemes done in [Le] and shows that H * X [n] , Q depends only on the ring H * (X, Q) and on the first Chern class of X in H 2 (X, Q). In the same spirit, it is proved in [El-Gö-Le] that the complex cobordism class of X [n] depends only on the complex cobordism class of X. These facts received an explanation by a recent construction of Voisin [Vo 1]: for any almost-complex compact fourfold X and any positive integer n, it is possible to construct a punctual Hilbert scheme X [n] which is a stable almost-complex differentiable manifold of real dimension 4n. Besides, X [n] is symplectic if X is symplectic [Vo 2].
In Nakajima's theory [Na1] , the correspondence action of the incidence schemes on the cohomology groups of Hilbert schemes is the main ingredient to understand their additive structure via representation theory. This approach has been carried out for the almost-complex case in [Gri1] . Our first aim in this paper is now to study the multiplicative structure of the rational cohomology rings of almost-complex Hilbert schemes, generalizing the work of Lehn [Le] and . We obtain a satisfactory result in the symplectic case: Theorem 1.1. If (X, ω) is a symplectic compact four-manifold, the rings H * X [n] , Q can be constructed by universal formulae from the ring H * (X, Q) and the first Chern class of X in H 2 (X, Q).
When X is projective, Lehn uses in an essential way algebraic curves on X via their symmetric products imbedded in the Hilbert schemes to determine some excess intersection terms arising in correspondences computations. This argument fails a priori as soon as X is not algebraic, since there is no pseudo-holomorphic curve on X for a generic almost-complex structure on it. However, Donaldson's theorem on symplectic submanifolds [Do] allows to produce many paseudo-holomorphic curves for arbitrary small perturbations of a fixed almost-complex structure. As a corollary of an effective version of Theorem 1.1, we obtain the cohomological crepant resolution conjecture for symplectic fourfolds with torsion first Chern class: Theorem 1.2. Let (X, ω) be a symplectic four-manifold with zero first Chern class in H 2 (X, Q).
Then for any positive integer n, H * X [n] , C is isomorphic as a ring to H * CR S n X, C . This result provides many examples where Ruan's conjecture holds in the symplectic category.
The second part of this article deals with the cobordism classes of almost-complex Hilbert schemes. The main result is the following: Theorem 1.3. Let (X, J) be an almost-complex compact four-manifold. For any positive integer n, the complex cobordism class of X [n] given by its stable almost-complex structure depends only on the complex cobordism class of X.
The proof of [El-Gö-Le] for projective surfaces is rather delicate to adapt here because coherent sheaves, contrary to algebraic cycles or vector bundles, have no equivalent in almost-complex geometry. However, it turns out that the classical proof can be carried out in a relative context on spaces fibered in smooth analytic sets over a singular differentiable basis.
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The almost-complex Hilbert scheme
In this section, we recall definitions and fundamental properties of almost-complex Hilbert schemes for the reader's convenience. More details can be found in [Gri1] , [Vo 1] and [Vo 2].
2.1. Definitions and basic properties. Let (X, J) be an almost-complex compact fourfold. For all n ∈ N * , we introduce the incidence set Z n = (x, p) in S n X × X such that p ∈ X · Let us fix a Riemannian metric g on X, and ε sufficiently small. Definition 2.1. Let B be the set of pairs (W, J rel ) such that (i) W is a neighbourhood of Z n in S n X × X.
(ii) J rel is a relative integrable structure on the fibers of pr 1 : W / / S n X depending smoothly on the parameter x in S n X.
(iii) sup
For ε small enough, B ε is nonempty and weakly contractible.
Definition 2.2. Let (W, J rel ) be a relative integrable structure in B. The topological Hilbert
(ii) There is a canonical Hilbert-Chow map HC : X For arbitrary relative integrable structures, this theorem has the following topological form:
Theorem 2.4. [Gri1] (i) Let J rel be a relative integrable structure in B. Then X
[n] J rel is a topological manifold.
(ii) If J rel t t∈B(0,r)⊆R d is a smooth path in B, then the associated relative topological Hilbert scheme
over B(0, r) is a topological fibration.
(iii) For any x in S n X and any integrable structure in a neighbourhood U x of x sufficiently close to J, the Hilbert-Chow morphism HC :
/ / S n X is locally isomorphic over a neighbourhood of x to the classical Hilbert-Chow morphism HC :
2.2. Incidence varieties and Nakajima operators. If n, m ∈ N * , let
Relative integrable structures in a neighbourhood of Z n×m will be denoted by J rel n×m . Definition 2.5.
n×m are two relative integrable structures in neighbourhoods of Z n×m , the product Hilbert scheme
n×m is defined by
such that HC(ξ) = x and HC(ξ ′ ) = y ·
(ii) If m > n and W , J rel n×(m−n) is a relative integrable structure in a neighbourhood of Z n×(m−n) , the incidence variety is defined by
As it is the case for topological Hilbert schemes, the product Hilbert scheme and the incidence varieties are uniquely defined up to homeomorphisms isotopic to the identity.
be relative integrable structures in neighbourhoods of Z n×m , Z n×(m−n) , Z n and Z m . We introduce the following set of compatibility conditions of relative analytic spaces (see Section 6.1):
(1) W × S n X×S m X (S n X ×S m−n X) ⊆ W , where the base change map is (x, y) / / (x, x ∪ y).
(2) W ′ × S n X (S n X × S m−n X) ⊆ W , where the base change map is the first projection.
where the base change map is (x, y)
/ / x ∪ y.
-If (1) holds, there is a natural embedding of
Unfortumately, conditions (2) and (3) cannot hold at the same time. However, since
canonically homeomorphic up to isotopy to
, one still has morphisms from X [m,n] to
whose homotopy classes are canonical. They will still be denoted by λ and ν.
The incidence varieties X [m,n] are locally homeomorphic to the integrable model U [m,n] where
U is an open set of C 2 . This allows to put a stratification on X [m,n] . In this way, X [m,n] is a stratified topological space locally modelled over an analytic space, so it has a fundamental homology class.
The construction by Nakajima and Grojnowski of representations of the Heisenberg superalgebra of H * (X, Q) into H := ⊕ n∈N H * X
[n] , Q via correspondence actions of incidence varieties done in [Na1] and [Gr] also holds in the almost-complex setting:
is an almost-complex compact fourfold, Nakajima operators q i (α), i ∈ Z, α ∈ H * (X, Q), can be constructed. They depend only on the deformation class of J and satisfy the Heisenberg commutation relations:
Furthermore, these operators induce an irreducible representation of H H * (X, Q) in H with highest weight vector 1.
The boundary operator
The aim of this section is to carry out for symplectic fourforlds Lehn's computation of the boundary operator done in [Le] . The first part of Lehn's argument can be adapted to the almostcomplex case as in the proof of Nakajima relations done in [Gri1] . This is explained in Section 3.1. The result of Section 3.2, based on Donaldson's symplectic Kodaira's theorem allows to carry out in section 3.3 the second part of Lehn's argument when X is symplectic.
3.1. Lehn's formula in the almost-complex case. Let (X, J) be an almost-complex compact fourfold and let T be the trivial complex line bundle on it. If J rel is a relative structure in a neighbourhood of Z n , there is a relative tautological bundle T
rel whose restriction to the fibers W
[n]
satisfies the following properties (see [Gri1] ):
(ii) −2c 1 T [n] is Poincaré dual with Q-coefficients to ∂X [n] , where
such that there exists p in x with length p (ξ) ≥ 2 is the so-called boundary of X [n] . 
We recall Lehn's definition of the boundary operator:
(ii) If A is an endomorphism of H, the derivative A ′ of A is defined by the formula
We now state the following result:
Theorem 3.2. Let (X, J) be an almost-complex compact fourfold. There exist classes e n n≥0 in H 2 (X, Q) such that
Proof. Let n, m be positive integers such that m ≥ n, J rel n×(m−n) a relative integrable structure in a neighbourhood of Z n×(m−n) , and let I 
proof being similar to [Gri1, Proposition 3.5] . This allows to prove that correspondences behave well under derivations:
be the usual maps. The identity
By this lemma, to prove the theorem it suffices to compute the commutator of two correspondences. We adapt Lehn's proof exactly as in [Gri1] for the Nakajima relations. This yields (see [Gri2] for a detailed exposition): * For all m, n in Z with m = n, q ′ n (α), q m (β) = µ n, m q n+m (αβ), where µ n, m ∈ Z. * For all n in Z, q ′ n (α), q −n (β) = X e |n| αβ id H , where the classes e |n| belong to H 2 (X, Q).
The terms µ n, m and e n are the excess contributions. The multiplicity µ n, m can computed locally on X, so that Lehn's proof applies and gives µ n, m = −nm. However, this is not the case for the class e n which involves the global geometry of X. Proof. This is a consequence of the relations q ′ 1 (α), q m (1) = −m q m+1 (α), m ∈ N. 3.2. Holomorphic curves in symplectic fourfolds. Until now, we have only considered integrable structures in small open sets of (X, J). To compute the excess classes e n , we will construct pseudo-holomorphic curves in X for perturbed almost-complex structures. To do so we use the following theorem of Donaldson [Do] , which is a symplectic version of Kodaira's imbedding theorem:
Theorem 3.5. [Do] Let (V, ω) be a symplectic manifold of dimension 2n such that ω is an integral class. If h is a lift of ω in H 2 (V, Z), then, for k ≫ 0, the classes P D(kh) in H 2n−2 (V, Z) can be realized by homology classes of symplectic submanifolds. More precisely, if J is an almostcomplex structure on V compatible with ω, it is possible to write P D(kh) = S k for k large enough, where S k is a J k -holomorphic codimension 2 submanifold in V and
We apply this theorem to our situation:
Corollary 3.6. Let (X, ω) be a symplectic compact fourfold and J an adapted almost-complex structure on X. Then there exist almost-complex structures J i 1≤i≤N arbitrary close to J and J i -holomorphic curves C i 1≤i≤N such that:
Proof. We pick α 1 , . . . , α N in H 2 (X, R) such that the ω + α i 's are symplectic forms in H 2 (X, Q)
which generate H 2 (X, Q). There exist almost-complex structures J i 1≤i≤N adapted to (ω + α i ) 1≤i≤N arbitrary close to J if the α i 's are small enough. For suitable sufficiently large values of m, the symplectic forms m(ω + α i ) are integral and Donaldson's theorem applies. We obtain J i -holomorphic curves (C i ) 1≤i≤N where J i is arbitrary close to J i and
N C i /X is naturally a complex vector bundle over the complex curve C i , so that we can put a holomorphic structure on it. This gives an integrable structure
We glue together J i and J ′ i in an annulus around C i . The resulting almost-complex structure can be chosen arbitrary close to J i if U i is small enough.
3.3. Computation of the excess term in the symplectic case. Our aim in this section is to prove the following theorem:
Theorem 3.7. If (X, ω) is a symplectic compact fourfold and J is any almost-complex structure compatible with ω, the excess contributions e n of Theorem 3.2 are given by
This means that for all n, m in Z and for all α, β in H 2 (X, Q),
If X is a smooth projective surface, this theorem is due to Lehn ([Le] , Th. 3.10). First we sketch his argument, then we adapt it in the symplectic case.
In this proof the notation [Z] will be used to denote the cohomological cycle class of a cycle Z, and its the homology class as it was previously the case.
If X is a smooth projective surface and C is a smooth algebraic curve on X, results of Grojnowski and Nakajima ([Gr] , [Na2] ) describe explicitely the class
. 1, where i 1 , . . . , i N are positive integers of total sum n.
0 be the set of schemes in X [n] whose support is a single point. If
. ∂C [n] can be computed in two different ways:
. Therefore, I is a linear combination of terms of the form q −n (1)
. 1, where i 1 , . . . , i N are positive integers of total sum n. These terms vanish except for:
2 .
This computation gives
(ii) The cycle
0 in its smooth locus and
In the algebraic case, the excess terms e n lie in the Neron-Severi group of X so that it is enough to prove that for every smooth algebraic curve C,
This is proved by comparison of the two expressions obtained for I.
Let us now suppose that (X, ω) is a symplectic compact fourfold and that J is an adapted almost-complex structure on X. If γ ∈ H * (X) is a class of even degree, we define the vertex
is of even degree, the operators q i (γ) i>0 commute in the usual sense, and the definition of
Lemma 3.8. ( [Gr] , [Na2] in the integrable case). Let J be an almost-complex structure close to J, and let C be a J-holomorphic curve. Suppose that J is integrable in a neighbourhood of C.
Proof. Since the Nakajima operators are invariant by deformation of the almost-complex structure, we can make the computations with almost-complex structures equal to J when all the points are near C. Let U be a small neighbourhood of C such that J is integrable in U . Then, for any positive integers n and m such that m > n, the Hilbert schemes
and the incidence variety X [m, n] are the usual integrable ones over S m U , S n U and S n U × S n−m U respectively.
Since Lemma 3.8 holds in H 2n
, Q , we are done.
If (C, J) satisfies the hypotheses of Lemma 3.8, Lehn's computations recalled above apply verbatim and give
by cohomology classes of such holomorphic curves. This gives the result.
The derivative of the Nakajima operators can be explicitely computed in terms of the Virasoro operators L n (α) defined in [Le, Section 3 .1]:
Corollary 3.9. If (X, ω) is a symplectic compact fourfold and J is a compatible almost-complex structure, then for all n in Z,
For the proof, see [Le, p. 180] .
The ring structure of H
/ / X the three associated maps, which are canonical up to homotopy, and
If E is a complex vector bundle on X, it is possible to associate to E a sequence of tautological vector bundles
. These tautological bundles are constructed in [Gri1] using relative holomorphic structures on E, and their classes in K-theory are shown to be independent of these auxiliary structures. This defines tautological morphisms from
Let F be the complex line bundle on n+1,n] . This gives the relation
Lemma 4.1. For every class α in H even (X, Q) and every n in N * , there exists a unique class
, Q such that G(α, 1) = α, and for all n in N * ,
Proof. By the degeneration of the Atiyah-Hirzebruch spectral sequence from K-theory to cohomology with Q-coefficients, we have isomorphisms ch :
, Q as follows: if E is the unique class in
Virtual tautological Chern characters. This section is somehow technical and can be omitted if we suppose that b 1 (X) = 0, that is if H odd (X, Q) = 0. The purpose here is to extend Lemma 4.1 to odd-dimensional cohomology classes. We adapt the method originally developed in the projective case by Li, Qin and Wang in .
Proposition 4.2. For every class α in H * (X, Q) and every n in N * , there exists a unique class
Proof. We use the relative trick and the machinery of relative coherent sheaves developed in the appendix. Since these methods are going to be explained thoroughly in the second part of the paper with similar computations (e.g. in Section 5.4), we skip some lengthy details.
If X is a relative smooth analytic space and Z a relative analytic subspace of X (see Definition 6.1), we will denote lim ←−
, where in the projective limit X ′ runs through all open relatively compact relative analytic subspaces of X.
If W is a neighbourhood of Z n in S n X × X, Y n is the relative incidence locus and O rel n is the relative incidence sheaf on W [n] rel × S n X W (see Definition 5.3 and Definition 5.4), the topological
rel be the natural projections. We define the following cohomology classes:
We take the notations introduced at the beginning of Section 5.3, so that W will be from now on
rel be the natural projections. We define new cohomology classes:
. Lemma 5.13 shows that this quantity is equal to
. π * α . π * td(X) via the second diagram of the proof of Proposition 5.14. Using the same argument as in proof of Lemma 5.15 (iv),
which is equal, by the Grothendieck-Riemann-Roch theorem of [At-Hi] applied to the diagonal injection, to c 1 (F ) . ρ * (α). To conclude the proof, it suffices to show that
This is performed exactly as in Lemma 5.15, (i)-(iii).
4.3. The ring structure and the crepant resolution conjecture. In this section, X will be a symplectic compact fourfold endowed with a compatible almost-complex structure.
We introduce operators acting on H = n∈N H * X [n] , Q by cup-product with the components of the virtual tautological Chern characters constructed in Section 4.2.
Definition 4.4. Let α ∈ H * (X, Q) be a homogeneous cohomology class. Then
Then the following result, originally proved by Lehn for geometric tautological Chern characters and generalized by Li, Qin and Wang for the virtual ones, is still valid:
Proof. This is a consequence of Lemma 3.3 and Proposition 4.2 (see [Le, Theorem 4.2 
]).
We can now state some significant results on the cohomology rings of Hilbert schemes of symplectic fourfolds. These results are known in the integrable case and are formal consequences of the various relations between q n (α), d, L n (α) and S i (α) (see e.g. Theorem 2.1 in ), even though there is a lot of nontrivial combinatorics involved in the proofs. Thus the following results are formal consequences of Theorem 3.7, Corollary 3.9 and Proposition 4.5.
Theorem 4.6. If 0 ≤ i < n and α runs through a fixed basis of H * (X, Q), the classes G i (α, n) generate the ring H * X
[n] , Q .
This result was initially proved in [Li-Qi-Wa-2] using vertex algebras. For other proofs, see and .
Theorem 4.7. For every integer n, the ring H * X
[n] , Q can be built by universal formulae from the ring H * (X, Q) and the first Chern class of X in H 2 (X, Q).
For the proof as well as an effective statement, see .
There is a geometrical approach to the ring structure of H * X [n] , Q through orbifold cohomology. If J is an adapted almost-complex structure on X, S n X is an almost-complex Gorenstein orbifold. We can therefore consider the associated Chen-Ruan (or orbifold ) cohomology ring H * CR S n X, Q which is Z-graded and depends only on the deformation class of J (see [Ch-Ru] , [Ad- Le-Ru] , [Fa-Gö] (ii) For all α in H * (X, C) and for all i N, there exist classes
⊗3 mapped by the Künneth isomorphism to the cycle class of the diagonal in X 3 ,
Then A is isomorphic as a ring to H * CR S n X, C . In (2), we used the physicists' normal ordering convention
. We apply this theorem to prove Ruan's conjecture for the symmetric products of a symplectic fourfold with torsion first Chern class.
Theorem 4.9. Let (X, ω) be a symplectic compact fourfold with vanishing first Chern class in H 2 (X, Q). Then Ruan's crepant conjecture holds for S n X, i.e. the rings H * X
[n] , Q and
Then (1) is exactly Proposition 4.5. The relation (2) is a formal consequence of the Nakajima relations and of the formulae
5. The cobordism class of X [n] In this section, (X, J) is an almost-complex compact fourfold, and no symplectic hypotheses are required. The almost-complex Hilbert schemes X
[n] are endowed with a stable almost complex structure (see [Vo 1]), hence define almost-complex cobordism classes. By a fundamental result of Novikov [No] and Milnor [Mi] , the almost-complex cobordism class of X [n] is completely determined by the Chern numbers
where P runs through all polynomials P in Q T 1 , . . . , T 2n of weighted degree 4n, each variable T k having degree 2k. We intend to prove the following result:
Theorem 5.1. The almost-complex cobordism class of X [n] depends only on the almost-complex cobordism class of X.
This means that if P is a weighted polynomial in Q T 1 , . . . , T 2n of degree 4n, there exists a weighted polynomial P T 1 , T 2 of degree 4, depending only on P and n, such that
This result has been proved by Ellinsgrud, Göttsche and Lehn in [El-Gö-Le] when X is projective. Let us describe briefly the main steps of the argument and the tools we need.
Let J rel be a relative integrable structure in a neighbourhood W of Z n . Then the relative
rel , J rel is fibered in smooth analytic spaces over S n X, so that we can consider its relative tangent bundle
rel which is a continuous complex vector bundle on W [n] rel . It will turn out that the class of the classes of T X [n] and T X [n+1] . This is carried out using the explicit description of T X
as pr 1 * Hom J n , O n , where J n is the ideal sheaf of the incidence locus Y n ⊆ X [n] × X and O n is the structure sheaf of Y n . So it appears necessary to consider coherent sheaves and not only locally free ones.
In the almost-complex setting, the coherent sheaves have no equivalent. Instead of working directly on the almost-complex Hilbert schemes and the associated incidence varieties, we use the corresponding relative objects, which can be considered as homotopically equivalent to the original ones, but possess a much stronger structure: they are fibered in analytic spaces over a singular basis. Each fiber consists of the initial object (Hilbert scheme, incidence variety,...) associated to an open set of X with an integrable structure on it. The almost-complex Hilbert scheme X
[n] will be for instance replaced by the fibration W
rel over S n X associated to a relative integrable complex structure J rel : the corresponding fibers are the integrable Hilbert schemes
In the appendix (Section 6), we develop a general formalism for relative coherent sheaves on spaces X/B fibered in smooth analytic sets over a differentiable basis B with quotient singularities, such as W [n] rel . These relative smooth analytic spaces carry a sheaf O rel X which is the sheaf of smooth functions holomorphic in the fibers (see Definition 6.1).
Intuitively, a relatively coherent sheaf F on a relative smooth analytic space X over B is a family of coherent sheaves F b b∈B on X b b∈B varying smoothly with b and locally trivially on X. If we take relative holomorphic coordinates on X, the local model for X is Z × V , where Z is a smooth analytic set and V is an open subset of the base B. Then the local model for a relatively coherent sheaf on Z × V is pr
, where G is a coherent analytic sheaf on Z (see Definition 6.5).
The usual operations on coherent sheaves (such as internal Hom, tensor product, dual, pullback, push-forward and the associated derived operations) can be performed on relatively coherent sheaves for smooth morphisms holomorphic in the fibers satisfying some triviality conditions (see Definitions 6.3 and 6.7). For the push-forward, we will only have to deal with the situation where the map is finite on the support of the sheaf, which is technically much simpler than the general case.
In this context, it is possible to construct a relative version of the usual analytic K-theory for coherent sheaves (see Definitions 6.10 and 6.12) as well as associated operations.
This being done, it will be necessary to consider relatively coherent sheaves as elements in topological K-theory. This is achieved by the following proposition:
Proposition 5.2. If F is a relatively coherent sheaf on a relative smooth analytic space X over B and X ′ is relatively compact in X, then
According to this proposition, it is possible to associate to any relatively coherent sheaf F on a relative smooth analytic space X a topological class This device enables us to carry out the proof of [El-Gö-Le] in a relative context. 5.1. The relative incidence sheaf. In this section, we introduce the relative incidence sheaf O rel n and we compute its Chern classes. We will use the following notations.
-W is a small neighbourhood of the incidence locus Z n in S n X × X.
-J rel n is a relative integrable structure on W parametrized by S n X.
Definition 5.3. The relative incidence locus Y n is the relative singular analytic subspace of W [n] rel × S n X W defined by
The fibers Y n, x x∈S n X are the usual incidence loci in W Definition 5.5. The classes
-Let W be a small neighbourhood of the incidence locus Z n, 1 in S n X × X and J rel n,1 a relative integrable structure parametrized by S n X × X. For (x, p) ∈ S n X × X, W / / X [n] × X be the morphism (λ, ρ).
Definition 5.6. We define a class l in
The class l determines the Chern classes of the relative incidence sheaf in the following way:
Proof. We recall well known facts from the classical theory (see [Da] , [Ch] , [Ti] ). If X is a quasi-projective surface and Y n is the incidence locus in X [n] × X, then:
admits a locally free resolution of length 2.
(
× X is the projection and s is the associated section of π * A * (1), then s is transverse to the zero section. Property (iii) follows from (ii) since the vanishing locus of s (with its schematic structure) is isomorphic to P J Y n . Note that we use here Grothendieck's convention for projective bundles.
We adapt now these properties to the relative setting as follows. First we can suppose that W , W , J rel n and J rel n×1 satisfy the compatibility condition: W × S n X S n X × X ⊆ W as relative smooth analytic spaces. Let Y n be the relative singular analytic subspace of W
×X embeds into the three relative smooth analytic spaces in a compatible way with the two morphisms on the first line. Therefore µ i,n = c i O i ×Ω i . By the very construction of global smooth resolutions for relatively coherent sheaves (Proposition 6.14 (i)), there exists a global 
(1) . Then we have the following result:
Lemma 5.8.
(i) The vanishing locus Z(s) of s is canonically isomorphic to X.
(ii) After performing base change from S n X × X to X n × X, the section s is transverse to the zero section.
Proof. / P(B) over X ′ given by the splitting of the local resolution in the global one, then Z(s) lies in P(B ∞ i ). It can be seen straightforwardly that the embedding of Z(s) into P(B ∞ i ) is independant of the splitting. Let
i × Ω i be the projective bundle of B i and s the section of π * A * i (1) given by the
and s is transverse to the zero section. This proves that over Ω
(ii) In local coordinates, if for any u ∈ P r+m (C) * we define u 1 = u |C r+1 and u 2 = u |C m , then s is given near its zero locus by s(u, z, v) : (α, β) / / s(u 1 , z)(α), u 2 (β) . After base change, the variable v lies in the smooth manifold X n × X and s is clearly transverse to the zero section since s is.
where the last morphism is only defined locally on P(B ∞ i ). To conclude, notice that O
and that the restriction of C
Since P(B) = P(B) × S n X×X (X n × X) /S n , Lemma 5.8 (ii) implies that the homology class of the vanishing locus of s in H 8n+8 (P(B), Q) is Poincaré dual to the top Chern class of
(1). Let us consider the following diagram:
We have used here the Gysin morphism σ rel * with Q-coefficients, which is possible since X and X ′ are rationally smooth. To conclude, we consider the diagram
and get:
Computation of T X [n]
in K-theory. Let W be a neighbourhood of the incidence locus Z n in S n X × X and J rel n a relative integrable structure on it.
Definition 5.9. We define κ n as the class of the locally
rel .
The topological class of κ n can be described as follows:
Lemma 5.10. The restriction to X [n] of the topological class associated to κ n is the class of the
is smooth. Besides, the construction of the almost-complex structure done in [Vo 1] shows that T X [n] and
[n] have the same class in K(X [n] ). An arbitrary J rel n can be joined by a smooth path J rel n, t t∈ [0, 1] to another relative integrable structure satisfying the conditions (C). By rigidity of the topological K-theory, the class of
is independent of t. This yields the result.
Remark 5.11. For an arbitrary J rel n , X
[n] J rel n is only a topological manifold (see [Gri1] ). Therefore, the advantage of using T rel W
rel instead of T X
[n] J rel n is that this complex vector bundle is defined for any relative integrable complex structure.
rel , the following identity holds:
Proof. We have T W
has relative codimension 2 in
locally admits a free resolution of length 2. Hence we get the following equalities in
and T X [n+1] via the incidence variety X [n+1,n] . Let W be a neighbourhood of Z n×1 in S n X × X × X and J rel n×1 be a relative integrable complex structure on W . Let us consider the following morphisms over S n X × X:
rel are the canonical projection maps.
rel × S n X×X W. We introduce the following relatively coherent sheaves: * O rel n and O rel n+1 are the relative incidence structure sheaves on W
is the relative exceptional divisor. * ∆ rel is the relative diagonal in W × S n X×X W and O rel ∆ rel is the associated structure sheaf.
Then we have the following properties which are immediate consequences of the same results in the integrable case:
We suppose that there exist a neighbourhood W of Z n+1 in S n+1 X × X and a relative integrable
Then we get two weak morphisms
W (see Definition 6.3 (ii)) obtained by composing ψ and ψ W with the base change map from
Proposition 5.14.
we have
be the projection on the first factor. By Proposition
where the first column lies over S n X × X and the second one over S n+1 X. Since p is finite
, we obtain by Proposition 6.13 (iv) and Lemma 5.13 (i) and (ii) the following
rel is the projection on the first factor, then by Proposition 5.12,
. We also consider the diagram
where all the terms are over S n X × X. Since r is injective on ∆ rel , by Proposition 6.13 (iv) again,
W , thanks to Proposition 6.13 (v) and to the diagram
Cohomological computations.
We are now going to consider the identity we obtained in Section 5.3 from a cohomological point of view. Recall that the classes
. Let us consider the following maps:
Proof. By Lemma 6.16 (ii), the classes φ ! κ n , φ ! W O rel n and σ ! rel O rel n in topological K-theory are independent of the relative integrable structure J rel n×1 . Therefore, we can suppose that there exist a neighbourhoodW of Z n in S n X × X and a relative integrable structure J rel n on it such thatW × S n X (S n X × X) ⊆ W . This means that for (x, p) in S n X × X,W x ⊆ W x, p and J rel n×1, x, p |W x = J rel n, x . Then (i), (ii) and (iii) are straightforward.
For (iv), let W = W × S n X X, where the base change morphism is given by the diagonal injection of X in S n X. We consider the following diagram:
For (v), we extend the structure J rel n×1 to a relative integrable structure J rel n×1×1 in a neighbourhood W of Z n×1×1 such that for any (x, p, q) ∈ S n X ×X ×X near the incidence locus p = q, the equality J rel n×1×1, x, p, q = J rel n×1, x, p holds. This means that W × S n X×X (S n X × X × X) ⊆ W . We define W by W = W × S n X×X×X (X × X), the base change morphism from S n X × X × X to X × X being given by (x, x ′ ) / / (δ(x), x, x ′ ) , where δ : X / / S n X is the diagonal injection.
Then we consider the diagram:
. This gives the result.
Remark 5.16. Let d i be the i-th Chern class of C
universal polynomial in c 1 (X) and c 2 (X) with rational coefficients.
Proposition 5.17.
, where µ i,n and l are defined in 5.5 and 5.6.
is a universal polynomial in the classes l, ρ * c i (X) and σ * µ i,n .
Proof. This is a consequence of Lemma 5.15, Lemma 5.13 (i) and (ii), and of Proposition 5.14.
We are now going to perform the induction step.
Proposition 5.18. If n, m are positive integers, let P be a polynomial in pr
Then there exists a polynomial P depending only on P , in the classes analogously defined on
Proof. We consider the incidence diagram
Since (ν, id) and (σ, id) are generically finite of degrees n + 1 and 1,
is a polynomial in the classes pr * 0 l, (σ, id) * pr * 1 c i (X) and (σ, id) * pr * 01 µ i,n . By Proposition 5.7, (σ, id)
polynomial in pr * 01 µ i,n and pr * 1 c i (X). By Proposition 5.17 (i), (ν, id) * pr * 0k µ i,n+1 − (σ, id) * pr * 0,k+1 µ i,n is a polynomial in the classes pr * 0 l and (σ id) * pr * 1k d i . Then we can use Proposition 5.7 again. To conclude, we use the relations (ν, id) * pr kl d i = (σ, id) * pr k+1, l+1 d i and (ν, id) * pr * k c i (X) = (σ, id) * pr * k+1 c i (X). We can now finish the proof of Theorem 5.1. We write
where P is a polynomial in the classes pr * k c i (X) and pr * kl d i . Since d i is a polynomial in c 1 (X) and c 2 (X), we are done.
Appendix
Our aim in this appendix is to develop a general framework for sheaves on spaces which are fibered in smooth analytic spaces over a differentiable orbifold. This formalism is somehow heavy but necessary to carry out the computations of [El-Gö-Le] in a relative setting. (ii) Let X, O rel X be a relative smooth analytic space over B and let Z be a subset of X. We say that Z is a relative analytic subspace of B if for all x ∈ X and for all relative holomorphic chart φ :
is a relative smooth analytic space over B, the fibers X b b∈B are smooth analytic sets, but they do not form in general a fibration over B, since the projection map π is not proper. However, they locally vary in a trivial way on X.
-The main example of a relative smooth analytic space we can keep in mind is W [n] rel over S n X where W is a neighbourhood of the incidence set in S n X × X, endowed with a relative integrable structure parametrized by S n X.
neighbourhood U x of x, there exists a coherent sheaf F on Z such that
as sheaves of O rel Z×V -modules. Remark 6.6.
-If X is a relative smooth analytic space over B and Z is a relative analytic subspace of X, then O rel Z is a relatively coherent sheaf on X.
-A relatively coherent sheaf on X can also be defined by glueing conditions: it is given by a family of relative holomorphic charts φ i : 
-modules satisfying the usual cocycle condition.
-Let F be a relatively coherent sheaf on X given by a family of sheaves {F i } i∈I . Then, for any b ∈ B, if J = {i ∈ I such that b ∈ V i }, the sheaves {F i } i∈J on {Z i × b} i∈J patch together into a coherent sheaf on X b , which we will denote by F b .
Proof. (i) Let δ : U / / V be the projection and M be a sheaf of pr
Since the functor Definition 6.12. Let X, O rel X be a relative smooth analytic space. (i) We define the relative analytic K-theory of X by
where X ′ runs through relatively compact open analytic subsets in X. (ii) In the same way, if Z is a relative sub-analytic space of X, the relative analytic K-theory of X with suppoort in Z is defined as
where Coh rel Z∩X ′ (X ′ ) is the abelian category of relatively coherent sheaves on X ′ supported in Z and X ′ runs through relatively compact open analytic subsets in X.
As for coherent sheaves, we can define usual operations on relative analytic K-theory. Here is a list of these operations:
(i) The product. A product from K rel (X) ⊗ Z K rel (X) to K rel (X) is defined by
Similarly, if Z is a relative analytic subspace of X, a product with support from K rel (X)⊗ Z Taking the derivative with respect to G and using Lemma 6.9 (i), we obtain the result.
6.4. Topological classes. In Sections 6.2 and 6.3, we have constructed a theory for relative coherent sheaves as well as associated operations. It remains to obtain cohomological informations about these objects. To do so, we will construct global smooth resolutions for relatively coherent sheaves. We start with a general result about smooth resolutions.
Proposition 6.14. Let M be a smooth manifold, G a finite group of Diff(M ) and Y = M/ G . Let H be a sheaf of C ∞ Y -modules which admits a finite free resolution in a neighbourhood of any point y ∈ Y . Then (i) H admits a finite locally free resolution in a neighbourhood of any compact set of Y .
(ii) Two resolutions of H in a neighbourhood of a compact set are sub-resolutions of a third one.
Proof. We will use several times the following lemma: Since H is locally free, Ext q (H, F) = 0 for q > 0 and since Hom 
